The non-minimal coupling of fermions to a background responsible for the breaking of Lorentz symmetry is introduced in Dirac's equation; the non-relativistic regime is contemplated, and the Pauli's equation is used to to show how an Aharonov-Casher phase appears as a natural consequence of the Lorentz-violating term. Different ways of realizing the Lorentz breaking are presented and, in each case, we show how to relate the Aharonov-Casher phase to the particular components of the background vector or tensor.
Introduction
In the beginning of the last decade, the seminal work [1] suggested a Lorentz symmetry breaking of the Chern-Simons type in (1 + 3) dimensions. More recently, a great deal of works [2] explored the possibility of Lorentz-symmetry breaking in the context of string theories. Models with Lorentz-and CPT-breakings were also used as a low-energy limit of an extension of the Standard Model, valid at the Plank scale [3] . An effective action is obtained that incorporates CPT and Lorentz violation and keeps unaffected the SU (3)×SU (2)×U (1) gauge structure of the underlying theory. In the context of N = 1 -supersymmetric models, there have appeared two proposals: the one which violates the algebra of supersymmetry was first addressed by Berger & Kostelecky [4] , and other that preserve the (SUSY) algebra and integrating on Grassmann variables obtain the Carroll-Field-Jackiw model [5] . Along this line, in the work of ref. [6] , the authors address the discussion of Lorentz symmetry breaking in the context of exact SUSY by working out a whole list of manifestly supersymmetric Lorentz-violating operators. The observation of ultra-high energy cosmic rays with energies beyond the Greisen-Zatsepin-Kuzmin (GZK) cutoff E GZK ≃ 4.10 19 eV [7] , [8] , once such kind of observation could be potentially taken be as one evidence of Lorentz-violation. The rich phenomenology of fundamental particles has also been considered as a natural environment to the search for indications of breaking of these symmetries [8] , [9] , revealing up the moment stringent limitations on the factors associated with such violation. Another point of interest refers to ancient issue of spacetime varying coupling constants [10] , which has been reassessed in the light of Lorentz-violating theories, with interesting connections with the construction of Supergravity. models. Moreover, measurements of radio emission from distant galaxies and quasars put in evidence that the polarizations vectors of the radiation emitted are not randomly oriented as naturally expected. This peculiar phenomenon suggests that the space-time intervening between the source and observer may be exhibiting some sort of optical activity (birefringence), whose origin is unknown [11] . There are some different proposals of the Lorentz violation: one of them consists in obtaining this breaking from spontaneous symmetry breaking of a vector matter field [12] . Our approach to the Lorentz breaking consists in adopting the 4-dimensional version of a Chern-Simons topological term, namely ǫ µνκλ v µ A ν F κλ , where ǫ µνκλ is the 4-dimensional Levi-Civita symbol and v µ is a fixed four-vector acting as a background. This idea was first settled down in the context of QED in [1] . A study of the consequences of such breaking in QED is extensively analyzed in [13] , [14] . An extension of the Carroll-Field-Jackiw model in (1 + 3) dimensions, including a scalar sector that yields spontaneous symmetry breaking (Higgs sector), was recently developed and analyzed, resulting in an Abelian-Higgs gauge model with violation of Lorentz symmetry [15] . Also, The dimensional reduction (to 1+2 dimensions) of the Carroll-Field-Jackiw model was successfully realized [16] , [17] , resulting in a planar theory composed by a Maxwell-Chern-Simons gauge field, a massless scalar field, and a mixing term (responsible by the Lorentz violation) that couples both of these fields [18, 19] .
On the other hand, the wave function itself is not an object that has a classical meaning -unlike the vector potential or quantities of that kind. However, there are some situations in which a quantummechanical wave function, which describes phenomena at a small scale, can come out in a special way on a large scale. If we take, for example, a charged particle propagating in a region with external magnetic field, the wave function associated may develop a phase.
This phase describes the real behavior of the electron's propagation, and to obtain a correct interpretation by means of the momentum (kinematical), one considers the minimal coupling to the electromagnetic background, p → p − qA. This is a very important matter, since the pioneering work by Aharanov and Bohm [20] , that is, the study and calculation of quantum phases caused by the gauge potentials in a field-free region. In this direction, Aharanov and Casher pointed out a dual effect for a neutral spin− 1 2 particle with anomalous magnetic moment µ subject to a dual condition [21] , as a kind of non-minimal coupling. This effect can be obtained by taking into account the non-relativistic limit of the Dirac's equation [22] with the Pauli-type non-minimal coupling. In developments over the past years regarding these phase effects, a number of questions has been raised and, in a more recent context, locality and topology are being invoked in connection with these phases [23] . The local or topological nature of the generated phase can change according to the situation, as, for example, in the case of the A-B effect in molecular systems, which is neither local nor topological, more closely to the A-C effect. For instance, the work of ref. [24] discusses the A-C phase in a (2 + 1) D model in order to demonstrate that this effect is essentially non-local in the context of a non-relativistic superconductor. The formal correspondence between the A-B and A-C phases at a microscopic level as long as their topological nature is concerned, is considered in [25] . In a context of ultra-cold atoms, it was shown that the vortex model of a BEC is described by a Lagrangian with an A-C extra term [26] .
In this work, we propose the coupling of the electron to the Lorentz breaking background in a nonminimal way, by the presence of igv ν ∼ F µν in the covariant derivative, and we take the non-relativistic limit of Dirac's equation to get Pauli's two-component equation. From the specific form of the generalized canonical momentum, we shall analyze possible quantum phases; especially, the A-C phase is the topic of major subject in this paper. In the first section, we take the non-minimal coupling of a test particle to the background vector responsible for the Lorentz breaking, and we arrive at an A-C generated by the background vector which behaves like the magnetic moment for a spin-1 2 neutral particle. In Section 2, we identify the Lorentz-violating background with torsion non-minimally coupled, with γ 5 -type coupling.. Next, in Section 3, we consider Dirac's equation but here with a tensor background responsible for the violation of Lorentz symmetry. Another point of interest is to confront the Lorentz-breaking non-minimal coupling with the (Pauli) standard non-minimal coupling that yields the A-C phase and then study the competition between then. Our Final Discussions are cast in Section 4.
Lorentz Breaking Non-Minimal Coupling, Pauli equation and Aharanov-Casher Phase
The first case that will be analyzed starts from the gauge invariant Dirac Equation below
where the covariant derivative with non-minimal coupling is chosen to be
and the background, v µ , breaks the Lorentz symmetry. The explicit representation of the γ-matrices used through out is listed below:
Writing the spinor Ψ = φ χ , we have
giving two linear dependents equation
Writing the weak component in terms of the strong one and computing the non-relativistic limit and in the regime of weak fields, one has:
By returning to the equation for the strong component φ, one arrives in an equation of kind
where the canonical generalized moment is defined by
With this result, we can comment on another possible non-minimal coupling, which has not been included in the covariant derivative (2), namely ihv ν F µν , h being the coupling constant. It does not yield an A-C phase, but it rather leads to an extra phase involving the magnetic field proportional to − → v × − → B . We then justify the non-minimal coupling of eq (2) on the basis of an A-C phase.
Also, should the test particle be neutral (e = 0), through the Aharanov-Bohm phase drops out, the non-minimal coupling to the background induces a sort of magnetic dipole moment, g − → v , that couples to the electric field to give rise to the A-C phase.
To write the hamiltonian from the Pauli equation from the non-minimal coupling Lorentz breaking case, first one should use the identity
and the result, after some manipulation, is
3 Torsion Non-Minimal Coupling with Lorentz Breaking and Pauli Equation
In this section, one deals again with the Dirac's equation
but here another kind of non-minimal coupling is pointed out, that is
again here, background, v µ , breaks the Lorentz symmetry but with other chiral properties because of the presence of γ 5 .
Writing all that in the same representation described before, and again writing the spinor Ψ = φ χ ,
in its chiral components, we have for this case
where the canonical generalized moment reads as the standard case
with the non-minimal coupling giving only energy contribution.
To write the Hamiltonian, we use (10); it then reads:
The conclusion here is that, if we associate the background vector to the vector component of the torsion, as done in the work of [31] , no A-C phase is induced. The coupling to the torsion contributes to the interaction energy, but contrary to the case contemplated in the previous section, the γ 5 -type non-minimal coupling does not develop an A-C phase.
Lorentz-violating Non-Minimal Coupling to a Tensor Background
In this section, the non-minimal coupling Dirac equation is
where now the covariant derivative is only minimally coupled to the electromagnetic field
Notice that in this case we consider here, the skew-symmetric tensor T µν is responsible for the breaking of the Lorentz symmetry at the level of the fermionic coupling. T µν is not dictated by any term introduced in the connection with the electromagnetic sector. Following the same procedure as previously, Ψ = φ χ , we write down 2-component equations:
to factorage σ one should transforms the terms that follows:
As in this work the A-C phase is the major subject of interest, we will take the magnetic field F ij = 0. Taking into account the weak component in terms of the strong spinor:
Factorizing σ, that reads the canonical moment
where here we described separately the "electric " and the "magnetic " components inside the tensor, respectively defined as
Replacing this in eq. (22) , we get for the strong spinor component φ
Here again two kinds of quantum phases emerges, one governed by λ 1 and the other by λ 2 . But here, as the idea of this paper is to explore how A-C phase can emerge, we will take the λ 1 = 0. The λ2 term, within the "electric " component of T µν , gives the A-C contribution. Should we take λ 1 = 0, the Lorentz-breaking term would not impose T µν to be skew-symmetric. Indeed, if T µν were taken to be general, the conditions for the A-C to appear (no magnetic field but only an external electric field) would anyhow select the anti-symmetric magnetic component, T ij = −T ji ; the phase is therefore induced by the anti-symmetric piece of T µν .
In this case, the Hamiltonian is
5 Analyzing the competition between Lorentz-preserving and Lorentz-violating non-minimal couplings
In this section, we would like to compare the non-minimal coupling Lorentz breaking covariant derivative with the standard non-minimal coupling that generates the Aharanov-Casher, both taken separetely, and then discuss how these terms can influence one another to yield an A-C phase. The gauge invariant Dirac equation from which we shall compute the Pauli equation is
where the covariant derivative with non-minimal coupling is chosen to be ,
F µν , it was done in the first section of this paper.
So, in the same way it was done in the previous section, we shall work out the non-relativistic limit..
The weak component χ, in term of the strong one, φ, in then non-relativistic limit and the weak fields case, we have:
and φ in terms of (30),
Here, canonical conjugate momentum does not look obviously written, and to read it off, we should use the vector identity
After some manipulation, we can observe that only the f coupling contributes to the canonical conjugated momentum and as a consequence, only the f coupling contributes to the A-C phase,
The Lorentz breaking non-minimal coupling here only contributes with an extra energy term, in the form of
Final Discussions
We carried out in this paper an analysis of the influence of the various ways of realizing Lorentz-symmetry breaking on the Aharanov-Casher phase developed by an electrically neutral particle. Usually, this phase is induced if the neutral particle has a non-trivial spin and this couples to an external electric field to which the test particle is submitted. In the case of the non-minimal coupling to the background vector. v µ , responsible for the Lorentz breaking, the A-C phase is generated as if the particle had no spin, since it is given simply by g − → v × − → E ; actually, in the case we study, even a neutral spinless particle would suffer the effect of an A-C phase. This has close analogy to a similar result in (1 + 2)-dimensional Electrodynamics: charged scalars nom-minimally coupled to the electromagnetic field acquire a magnetic dipole moment [33] . In our case, the situation is more drastic: the particle, even if it is neutral, acquires a magnetic moment, g − → v , as a by-product of the Lorentz-invariance breaking and, of course, the nonminimal coupling.
Other possibilities have been taken into account, such as non-minimal coupling to the torsion tensor; no A-C phase comes out in this situation, and energy extra spin coupling to the background and the electromagnetic field emerges.
Lorentz-Symmetry breaking at the level of the fermionic couplings, parametrized by a rank-2 skewsymmetric tensor, T µν , may yield an A-C phase if the "magnetic " component of T µν , T ij = − → T 2 is non-vanishing. The phase generated here is not obviously shared by scalar particles, as the coupling giving to the phase is specific for spin-1 2 particles. Finally, a remarkable result is the competition between couplings that, separately, yield A-C phase. The case contemplated involves the non-minimal Pauli coupling and the non-minimal coupling to v µ . Once both the interaction are switched on, the A-C that survives is the usual one: − → µ × − → E , where − → µ is the canonical magnetic moment of the spin-1 2 particle. So, as a general outcome we can state the an interesting side effect of breaking Lorentz and CPT symmetries is the possibility to have direct consequences on the A-C phase once the test particle couples non-minimally to the vector or tensor background that realizes the breaking.
